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Llfft  of  Chances  In 
Kfficient  Allocation  of  Resources 
E(jr  TJalllnc  C.  Koopnans 

0>umn«i  *  t.«>  !• 

aftc&r  author's  naae:  Chanco  footnots  referonco  froa  1  to  2. 

aboTS  Una  1  of  text:  Inaort  section  hoadinc*  I!rrRDD^XTIOM 

Xins  lit  For  "can  they  b«  separated"  read  "let  us  first  ask 
t  ourselres  whether  «hcy  can  bo  separated." 

lino  111  Insert  "However,"  boforo  "such". 

lino  13*  for  "production  problens  as"  read  "the  potentialities 
of  efficient  nroduction  In  the  oano  way". 

lino  llii  Insert  "of  nrrxhictlon"  after  "factors". 

line  in  I  Insert  "indeed"  boforo  "posoiblo". 

lino  19i  For  "In"  read  "’Tith  this  unde  rot  andlnc,  therefore, 
so  can  in". 

footnote  St  Chanrs  *  to  "1".  Insert  "To  bo  reprinted  ae  Cemloe 
Corrd salon  Paper,  No.  ^2." 

footnote  ll  Chanre  1  to  2.  Delete  "sovora^  colleaeurs  at  the 
Cowles  Corrdsslon,  lncl’j«Une",  Insert  "0,  H. 
DantalCt  N.  Oeornoncu-Poeren"  after  "Oiflst". 

For  "Paper"  read  "An  earlier  version  of  thle 
pajior  was".  Include  footnotefln  footnote  1. 

paffe  2,  line  2i  Insert  footnote  reference  3  sftcr  "a  otlnce". 

line  lit  Insert  footnote  reforcnco  U  after  "State". 

line  6i  For  "operation"  read  "operations".  Insert  "ocononio 
theorist's  nodol  of"  boforo  ooafwtitlve". 

7*  Delete  "of  ocononlc  theory". 

9 1  Chance  footnote  references  3#  U  to  6. 

12i  Chance  footnote  referoncoe  ^7#  to  7-9. 

I6t  for  "It  Is  sitfilclent*  read  "F^ficloncy  can  also  be 
aohieved"* 
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paC*  20  Insert  footnote  3  a»  follows  i  Tho  mootln.-^s  of  the  Anerican 

Economic  Aoaociation  ncntlonod  in  footnote  1  wore  orn-Tnitcd 
•round  tho  theca  of  "A  Stocktaking;  of  Anorlcan  Capitalisn." 

fUnuBtter  footnotoa  2-7  to  read  Li-9* 

pa^e  3*  11ns  lit  Insort  after  "objective"*  "To  naxinizo  tho  military 

effectiveness  or  security  obteined  from  Riven  ro- 
sourccs  withdrawn  from  other  uses,  or,  equivalently, 
to  attain  a  required  level  of  oecurity  at  ndnlmun 
cost  in  tercB  of  resources  withdrawn." 

line  12t  Change  footnote  reference  from  0  to  10. 

Una  19i  For  "  conducted  too  nich  in  broad  institutional  terns" 
read  "concerned  too  ctich  with  absolute  institutional 
catecorles". 

footnotat  ChanRO  nurlxsr  from  8  to  10.  Insert  at  end  of  footnote* 
"These  articles  have  been  i  ?r»rlnted,  with  seno  noil- 
fications,  in  Activity  Analysis  of  Production  anrl 
Allocation,  Cowlco  torrdssion  Ibne  -raph  13,  i'Jallln^ 

C.  Aoontvme,  od.f  h’ew  York;  John  nil»?y  &  Sons,  ly^l.  ■ 

patt9  U«  Insert  dbore  line  one  the  section  heading*  A  IDDEL  OF  PRODlflTION. 

line  7(  ChaiRS  footnote  9  to  11. 

line  10*  For  "Tiich  substitution  in  production  arises"  read 

"Actually,  raich  substitution  in  production,  between 
alternative  factors  as  well  as  between  alternative 
products  or  product-factor  codbinationa,  arises". 

lina  lit  Insert  "discrete"  before  "processes". 

line  12*  Insert  "continuous"  before  "variation" |  for  "in"  read 
"within". 

lina  17t  Chan^  footnote  10  to  12. 

footnotes*  Change  9  and  10  to  11  and  12. 


footnote  12,  lino  3>  for  "both  to  be  included  in  a  forthcoming 
nonoRraph  of  the  Cowles  Coaoission"  read  "in  Activity 
is  of  Production  and  Allocation,  op  clt."|  in- 


*  "Reprinted  in  Supplement  to 
Econoaetrlca,  ?ol.  17*  JvHjp  19U9** 
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p«(^  lln«  li  For  "positive"  read  "nonneratlvo". 

Una  lit  Insert  after  "outputs."!  "All  conredity  flows  and 
activity  levels  arc  constant  through  tine." 

lina  1)1  For  "are"  read  "nay  bo". 

Una  17t  Insert  footnote  rcferot.».e  1)  after  "proportions". 

Insert  footnote  1)  as  foUowo:  "For  a  ;»ivcn  ratio  of  labor  to 
land  Inputs  (not  corrcspondlnn  to  one  of  the  points 
srlectod)  the  inputs  of  land  and  labor  required  to 
reach  the  Isoquant  level  of  output  arc  slightly  ices 
in  tho  continuous  nreJel  than  in  the  dlr>cr(!te  n  (5el 
because  in  the  continuous  ntxlel  labor  can  bo  applied 
uniformly  in  that  ratio  to  all  land  involved,  rhereas 
in  the  (artificially  restricted)  discrete  mdol  tho 
labor  is  aoplie<l  in  different  ratios  to  two  sectors 
•  of  the  land,  ito-ever,  the  difference  in  inputs  between 

the  two  nodols  can  be  made  arbitrarily  snail  by 
Bolectinf;  s  sufficient  number  of  basic  pointa  in  the 
discrete  nrdel." 

6$  line  It  For  "ecconodates"  read  ''can  eccosnodate". 

Une  ht  Delete  comma  after  "alternatives"  and  insert  "such". 

line  5*  Insert  "various"  before  "poods". 

line  lOi  Chanpe  footnote  reference  from  11  to  Hi* 

line  15*  For  "feasible"  read  "possiblo." 

Une  17i  For  "ecdcssiblo"  read  "attainable". 

Une  21i  Chsn<;o  footnote  reference  from  12  to  1^. 
footnotoat  renuil>er  11  and  12  to  road  Ih  and  1$, 
footnote  15,  line  )!  For  "and"  road  "'rhilo". 

lino  lit  For  coixia  beforo  "lero"  read  "are";  For 
"inp’Jt  coefficients  are"  read  "nopativo 
coefficients  of  tho  disposal  activity  arc", 

pe(^  7s  line  3i  For  "accessible"  read  "attainable". 

Hw  ill  For  "accessible"  reed  "etteineble.” 

Unem  7*  For  "Instead  of  epeekinp  of"  read  "Ae  e  synonym  for"| 
For  *«•  een  else  use  the  eynof\ymaue  eoepressioa"  reed 
*wm  also  use  the  ampreselon". 


7#  ltn«  lOi  ChjLT'to  footnote  reference  frr'i  13  to  l6j  For  "for** 
read  "in". 


foot  not 
paf^  Of  line  2i 
line  Ut 
line  5 I 


line  12*  For  "docs"  road  "will". 

line  13*  Chan/^e  footnote  reference  from  IL  to  17. 

^ictween  lines  IL  end  Insert  Sf  Ction  headinr^i  n-TICITTXJT  rRICI^. 

lines  l6j  17*  Chang’S  footnote  references  from  lU  and  tr  Ifl  and  19. 

footnoteei  Chant's  footnote  roforcnces  from  13-1^  to  l^lB. 
e  10, 


Aim 

e  IB/  I'or  "^resent  anal>-9is"  read  "present  st)idy"» 

For  "in  rolnM'^n"  r<^aJ  "relntlvc". 

Delete  "entirely". 

For  "only  cle’'r'nt9  nnderlyinr  this  price  cenceot  are"  read 
"foundations  on  r*ilch  this  price  concept  is  erected  Coi>- 
sist  onl;,'  of". 


line  Hi*  Aftf'r  "point"  insrrt  "In  question". 

lino  Ifl*  Charu'to  (3)  to  read:  "The  prices  of  all  final  floods  are  positire. 

between  lines  and  19 1  Insert  "(U)  The  prices  of  all  prinary  f^oda 
arc  nonn^^patlve." 

line  19*  For  (i)  read  (5)|  For  "or"  read  "of", 
line  20*  Chanpo  footnote  1^  to  20. 
line  21*  For  •on"  road  "as  to", 

footnotes*  Change  nunhors  from  IB  and  17  to  19  and  20, 


footnote  19*  For  "to  be  include  in  a  forthcorir.fT  CottIcs  ro-’-dnsion 
^innopranh"  read  "in  Activity  Analysis  of  Pro  iuc*  inn  and 
Allocati'^n,  op,  cit,^ 

pe^  9»  line  1*  ror"acce8Bible"  read  "attainable", 

line  19*  For  "At  those  Intersections"  read  "In  an  efficient  point 
located  on  one  of  t'  eso  Intersections,", 

llnee  17#  IS*  For  "In  tide  caee"  reed  "In  the  spocial  case  of  such 
■n  efficient  point,". 
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pair*  10«  line  For  "aralnat”  road  "for". 

linM  12-l$t  Replace  by  "proposition).  In  that  case*  and  only  in 

that  cascf  there  ia  no  Tray  of  uoinn  tho  new  opportunity  of 

■MhMtvt*.  in  vnmtii  n>*itnn  ih  vnriaiinnN  in  ihw 

Icvcla  of  tho  other  (productive)  activities  or  not,  so  as  to 
increase  tho  net  "output"  of  anj'  final  r^ood  without  docreas- 
Inj*  the  net  "output"  of  sorao  other  final  ^ood.  Bocauae  of". 


between  lines  17»  l^t  Insert  section  headinffi  nrxr3!TRAIIZATI0N  Of 
DTTir.TOTr.. 


line  22t 
lino  2I4 1 
pe/re  11»  lino  li 
line  l4> 
lino  5t 
line  lOi 


For  "for  attaining?" read  "that  ensure". 

For  "nonnerative"  road  "positive". 

For  "is"  road  "nay  be". 

For  "Ho  acwj-vity  yiedlin^"  read  "Any  activity  yielding". 
For  "onr^ar^  in"  read  contracted". 

Chanro  footnote  reference  fron  IH  to  21. 


line  12i  Insert  period  after  "naintained"  and  delete  rest  of  paragraph. 


between  lines  I3  and  llit  Insert  followinr;  para^^raph:  "It  s’iould  be 
enphasized  that,  if  an  inefficient  state  of  resource 
allocation  prevails  Initially,  it  is  not  clainod  that  ad¬ 
herence  bj'  all  concerned  to  the  rules  stated  would  lead 
the  mechanism  to  an  efficient  point,  or  even  close  to 
such  a  point,  in  a  stated  tine  interval.  To  establish  such 
a  claim  would  roq’iiro  a  c^Tia-uic  analysis  restin'^  on  a  more 
precise  c^sianic  spneification  of  tho  rules  in  questioa  (by 
bow  much  to  expand  a  profitable  activity,  etc.).  It  is 
claimed  only  that  adherence  to  the  rules  will  perpetuate 
an  efficient  state  once  it  has  somehow  cone  about.  Thus, 
tho  idea  of  variation  in  the  stocrin;;  prices  or  in  tho 
technolo'^  to  obtain  other  efficient  points,  must  also  bo 
understood  in  the  sense  of  conparative  statics,  not  as  o 
chonrjo  throu/^h  tims.'^  Tne  i^es  that  have  boon  stated” 

lino  111  I  Delete  "These  rules"  and  run  what  follows  into  the  above 

insert.  For  "stated"  road  "formulated".  For  "an;»e"  rood  "Longet 

line  161  For  "thus  combine  in  one  decision  unit  several"  read  "who 

thus  represent  in  one  decision  unit  e  conbination  of  soverel". 


line  19 1  For  "e  composition"  reed  "the  composition", 
line  2^1  Insert  "process"  before  "mana^rs". 
line  26t  Insert  "proeeay  before  mena/^et** 


-  6  - 


12t  line  U*  Chan(;o  footnote  rcfcrance  from  19  to  2?» 

footnote  I  Chancre  nudber  of  footnote  from  19  to  22* 

13#  lino  $•  Ineert  after  "Titles."  i  "Ftyslcal  depreciation  of  capital 

iij  taken  into  account,  of  couroo,  as  an  inpiit  flow." 

line  9*  for  "prcrrlously"  read  "usually". 


line  10*  Insert  "both  nranirv’f  il  and"  after  "oupposodly", 

i’or  "knowledr:©  is  asouiiod"  read  "assumptions  are  laado", 

line  l^t  Ineert  "input-output"  before  "coefficients". 

At  end  of  article  inasrti  Cowles  Comission  for  Ponoarch  in  Economics 
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TJalling  C.  Koopaans* 

The  problens  of  welfare  econoalcs  can  be  broadly  arranged  in  two 
groups:  the  first  group  is  concerned  with  aost  efficient  allocation 
of  resources  in  production,  the  second  with  aost  desirable  distribution 
of  coMBOdities  or  of  incoae.  While  these  two  problea  areas  can  be 
distinguished,  can  they  be  separated?  Do  they  not  hang  together 
particularly  through  the  effect  of  the  reward  for  huaan  effort  on  the 
f^antity  and  ruallty  of  that  effort? 

Any  theory  of  optlaal  choice  must  specify  what  aspects  of  reality 
are  accepted  as  given  facts,  what  aspects  are  regarded  as  subject  to 
choice,  and  what  is  the  objective  guiding  such  choice.  The  famous  so¬ 
cialist  m^ixliBt  ”fron  each  according  to  his  ability,  to  each  according 
to  his  needs,**  seens  to  asstaie  that  hwan  effort  is  available  in  given 
mxantity  once  needs  are  met.  Such  an  asswption  is  not  necessary  to 
Justify  the  separate  study  of  allocative  efficiency  in  produotion.  We 
can  study  pr^uetion  probleas  as  we  study  a  deaand  curve  or  any  other 
behavior  schedxilei  Assiaiing  that  certain  aaounts  of  labor,  land  services 
and  other  factors  are  available  in  given  quantities,  how  can  we  charac¬ 
terize  efficient  modes  of  produotion,  according  to  sjae  given  criterion 
of  efficiency'.  Such  an  inquiry  can  be  useful  even  though  considerations 
outside  the  sphere  of  production  aay  further  restrict  the  cniantitative 
factor  ccabinatlons  that  az^  possible . 

*  I  am  Indebted  to  several  colleagues  at  the  Cowles  Coanission,  including 
C.  Christ,  C.  Hildreth,  J.  Marsohak,  S.  Reiter,  for  valuable  conaents 
and  suggestlona. 
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In  the  present  paper  we  concentrate  entirely  on  the  probleai  of 
efficient  allocation  in  production.  Much  of  the  literature  touching  on 
this  topic  is  concerned  with  the  eraluation  of  alternative  institutional 
or  adninistrative  fonts  of  organizing  production.  This  evaluation  fonts 
part  of  the  grand  debate  on  the  nerits  of  private  or  corporate  enter¬ 
prise  versus  a  centrally  directed  economy  —  a  debate  touching  upon  the 
broad  theme  of  the  present  meetings  —  and  important  insights  about  out 
topic  can  be  gained  from  this  debate.  The  famous  article  by  ^rico 
Barone  on  "The  Ministry  of  Production  in  the  Collectivist  State”^  emphasized 
the  idea  that  an  economy  under  centralized  direction,  to  be  efficient, 
should  in  most  of  its  operation  satisfy  the  same  formal  conditions  as  are 
satisfied  by  the  competitive  society  of  economic  theory.  This  idea  has 
been  substantially  accepted  by  all  participants  in  the  ensuing  debate. 

The  controversy  was  about  methods  of  satisfying  these  conditions. 

Von  Hayek^  and  Robbins^  argued  that  it  was  Impossible  to  impose  these 
conditions  by  explicit  calculation  in  one  central  office  and  by  centralized 

administrative  direction  based  on  the  results  of  such  calculation.  A 

L  5  6 

niaber  of  writers  including  Dickinson,  Lange  ,  and  Lemer  ,  then  took  up 
the  ''Socialist”  side  of  the  debate,  incorporating  in  their  model  of  a 
socialist  economy  the  relevant  theoretical  conseouences,  but  not  the 
actual  form,  of  competitive  organization.  These  authors  argued  that,  in 

1.  In  "Collectivist  ^onomic  Planning,"  edited  by  ?.  von  Hayek,  London, 
1935,  see  pp.  2L 5-290. 

2.  P.  von  Hayek,  "The  Present  State  of  the  Debate,"  l.c.  pp.  201-243* 
especially  pp.  *07-214. 

3.  L.  C.  Robbins,  The  Great  Depression.  London,  1934,  see  p.  151* 

4.  y.  D.  Dickinson,  "The  Economic  basis  of  Socialism,"  Political 
Quarterly.  Dept. -Dec.,  1930. 

5.  0.  Lange  and  P.  Tailor,  "On  the  Economic  Theory  of  Socialism," 
Minneapolis,  1938« 

6.  A.  P.  Lemer,  The  Econnmloz  of  Control.  Me..  York,  1946. 
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order  to  attain  the  objectives  of  a  socialist  econoiR7  ceotralized 
calcnlatlon  Is  not  necessary.  It  Is  siifflclent  If  all  aanafers  of 
Individual  plants  or  Industries  respond  to  a  price  systea  applicable 
to  the  whole  econoqy,  In  a  Banner  prescribed  by  the  foUohlnc  rules i 
the  mailer  of  any  plant  should  produce  any  output  or  output  eombln- 
atlon  at  Blnlain  cost,  and  the  Bana^er  of  any  plant  or  Industry  should 
arrange  for  production  at  such  a  level  as  to  equate  price  and  Barglnal 
cost. 

This  all  too  brief  survey  shows  that  there  was  considerable  adap¬ 
tation  of  earlier  notions  of  a  socialist  econcsqr  to  the  theori8t*8 
image  of  a  coeipetltlve  enterprise  society,  as  the  discussion  went  on. 

To  remind  us  that  the  real  world  always  offers  a  greater  variety  of 
problems  than  our  attempts  at  theorising  have  envisaged,  a  new  contri¬ 
bution  to  the  discussion  has  recently  come  from  outside  academic 
economics.  M.  K.  Kood,  a  scientist  and  administrator,  and  G.  B.  Dantzlg, 
a  mathematician,  both  of  the  Department  of  the  Air  Porce,  were  faced  with 
the  allocation  problass  of  a  widely  ramified  p>art  of  the  military  estab- 
lishmient.  In  this  problem,  the  existing  adsilnlstratlve  structure  provides 
no  alternative  to  central  direction  of  a  complicated  effort  Involving  a 
large  nianber  of  goods  and  services,  all  to  be  geared  to  one  general 
objective.  In  this  situation,  as  they  repx>rt  in  two  recent  articles  In 

7 

.  they  revert  to  the  method  discarded  by  all  partleli>ant8 

7.  Marshall  K.  Wood  and  George  B.  Dantzlg,  '*Prograwlng  of  Interdependent 
Activities:  I  General  Discussion,"  £coymetrlca.  Vol.  17,  July>Oetober, 
1949,  p>p.  193-1 99|  and  George  B.  Danta^,  "Programming  of  Interdependent 
Activities:  II  Mathematical  >k)del,"  Ibid.,  pp.  200-211. 
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In  the  debate  who  cane  after  Baronet  the  actxial  coUeotion  of  relewant 
technical  Infomatlon  in  one  center  and  the  calcvlation  of  an  allocation 
progren  to  serve  as  a  basis  of  a  large  nunber  of  detailed  directives. 

They  see  In  the  develofaent  of  electronic  conputers  a  new  possibility 
for  this  nethod,  unforeseen  in  earlier  phases  of  the  discussion. 

This  interesting  turn  In  the  discussion  shows,  it  seeats  to  ne,  that 
the  earlier  discussions  had  been  coiw'ucted  too  nueh  in  broad  institu¬ 
tional  terns  encoapassing  the  entire  econcay*  Even  in  the  capitalistic 
enterprise  econeay,  there  are  aany  sectors  where  the  guideposts  of  a 
coapetitive  aarket  are  lacking,  and  explicit  analysis  of  the  allocation 
problea  is  needed.  Another  exaaple  aay  be  added  to  that  discussed  by 
Wood  and  Dantaig*  In  deteraining  the  best  pattern  of  routing  of  eapty 
railroad  ears,  there  are  no  narket  quotations  placing  differential  prices 
on  alternative  geographic  locations  of  cars.  Present  arrangeaents  only 
pemit  this  coaplicated  problai  to  be  handled  by  adainistrative  direction. 

In  aost  of  the  present  paper  we  shall  therefore  leave  aside  the 
ouestion  of  the  institutional  arraggeaents  under  which  allocative  deci¬ 
sions  are  Bade.  We  wish  to  concentrate  on  the  foraal  conditions  for 
efficient  use  of  reso\irces,  so  as  to  leave  the  door  open  for  later 
application  within  the  plant,  or  to  the  individual  flra,  to  public 
enterprises  or  adainstrative  organs,  to  an  Industry,  or  to  the  econoay 
as  a  whole.  The  aaln  departure  frea  previous  analyses  in  welfare 

a 

econoaics  is  In  the  adoption  of  a  different  Dodel  of  production.”  In 

8.  This  Biodel  was  first  presented  before  the  Madison  meeting  of  the 
Econoaitrlo  Society  in  August  1948,  see  "A  Katheaatical  Model  of  ' 
Production,**  Econoaetrica.  Vol.  17,  No.  1,  Jan.  1949,  PP*  74-5.  It  is 
closely  related  to  the  model  of  von  Nemann,  see  "A  Model  of  General 
Econoaics  Equilibrita,"  Review  of  Econoaic  Studies.  Vol.  13  and  14, 
1945-47,  pp.1-9,  and  to  that  of  Dantaig,  1.  c. 
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this  model,  we  shell  not  presuppose  thet  merglnel  cost  is  necesserilj 
Icnown  quantitetleel/  to  the  meneger  of  the  IndlTiduel  production  process, 
or  oven  definsble  in  terns  of  technological  data  available  to  him.  Much 
substitution  in  production  arises  through  shifts  in  the  extent  to  whieh 
alternative  prooesses  are  used,  rather  than  through  variation  in  factor 
conbinations  in  the  individual  process.  The  purpose  of  the  present 
model  is  to  demonstrate  that  the  posslbilit/  of  auch  shifts  Is  sufficient 
by  Itself  to  establish  the  concepts  of  marginal  [^^uctivity  and  marginal 
cost  where  applicable,  and  a  more  general  conoopt  where  these  are  not 
applicable.  For  sinplioity,  we  consider  a  static  model  only. 

ye  shall  employ  two  basic  cooeepts,*  the  cwndHy  and  the  activity. 
Each  coamodity  is  assumed  homogeneous  and  perfectly  divisible,  in 
activity.  If  carried  out  at  a  unit  level,  eonsiets  in  the  transformation 
of  given  quantities  of  soms  coHMditles  into  given  q\iantlties  of  other 
conodi  ties,  per  unit  of  time.  It  Is  assumed  that  the  level  of  any 
activity  can  be  any  positive  multiple  of  the  unit  level,  and  that  the 
oonmodity  flows  involved  are  the  same  multiple  of  those  involved  in  the 
unit  level  of  that  activity.  Negative  flows  represent  Inputs}  positive 
flows,  outputs. 

It  will  be  clear  that  this  model  rules  out  Indivisibilities  as  well 
as  increasing  or  decreasing  returns  to  scale,  and  cannot  be  used  in  the 
ana.^ysi8  of  any  problems  In  which  these  phenomena  ore  ii^iortant  elaments. 
Apart  from  this  specialization,  the  flexibility  of  the  model  deseribed 

t 

*  For  Illustrative  applications  of  these  concepts,  see  Marshall  E.  Ubod 
and  9eorge  B.  Dantzlg,  op.  eit.!  C.  Hildnth  and  S.  Reiter,  *0n  the  Choiee 
of  a  Crop  Rotation  Flan,*  and  T.  C.  Eoopmons  and  S.  Reiter,  *A  Model  of 
Transportation,*  both  to  be  included  in  a  forthcoming  monograph  of  the 
Cowles  CoBBlssion}  see  also  T.  C.  Eoopmans,  ■Optimal  utilisation  of  the 
transportation  system,*  F^mceedlngs  of  the  International  Statistical 
Conference  held  in  yashington,  D.  C.,  September  6>18,  1947,  7ol.  5$  1949* 
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DMds  to  bo  oaphosiiod.  Casos  rfhoro  continuous  substitution  within  one 
produetivo  pmeoss  is  poosiblo  ean  bo  approxloatod  os  elosol/  as  dosirod, 
at  loaat  for  purpoaos  rf  thoory,  by  introducing  a  largor  nxabor  of  aotiTi« 
tiof..  If  whoat  produetion  doponds  continuously  on  tho  quantltios  of  land 
and  labor,  ono  nay  soloet  a  suffleiont  nuabor  of  quantitativo  ratios  in 
which  land  and  labor  aro  eonbinod,  and  lot  each  of  thoso  dofino  a  poasiblo 
whoat-produeing  activity.  With  roforonoo  to  a  givon  iaoqioant  ourvo  in  tho 
laod>labor»plana,  this  Baans  tho  soloction  of  a  nui^r  of  points  on  tho 
eurra  (sao  diagraa).  Othar  points  on  tho  isoquant  curva  nan  than  bo 

land 


approziaatod  by  eoabiniof  two  adjaoant  soloctod  activitias  in  suitablo 
proportions.  A  sinilar  doriea  can  bo  appliad  if  aoro  than  two  factors 
aro  continuous  substltutuas.  Thus,  whilo  tho  nodal  aceoanodatos  casos 
of  continuous  substitution,  it  is  ospacially  dasignad  to  include  thoso 
casos  wharo  substitution  consists  in  rolativo  quantitativo  shifts 
batwoon  disdrata  altamatlvos,  as  wo  sao  so  often  in  industry. 

Wo  shall  classify  tha  goods  and  sarvicos  into  throo  catagorias, 
which  may  of  course  be  dofinod  diffarontly  in  different  applieatlons  of 
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tha  nodal.  I^inary  goods  ara  thoaa  which  flow  into  production  fron  natura, 
or  from  outs Ida  tha  sac tor  of  tha  aconow/  ooosldarad,  at  a  rata  which 
by  assumption  cannot  azcaad  glvan  sTallablllty  llnltatlons.  Plual  goods 
ara  thoaa  produead  goods  whleb  ^ra  daslrad  for  purposas  of  eonsunptloo  or 

9 

dallrary  outslda  of  tha  sactor  of  tha  aconoi^y  studlad.  Intamadlata 
goods  ara  thosa  produead  goods  tdileh  ara  not  wanted  In  thansalras,  that 
la,  for  any  purposa  othar  than  thalr  usa  as  Inputs  to  fi^rthar  aetlrl- 
tlaa  of  which  tha  viltlmata  pux’posa  Is  tha  production  of  final  goods. 

To  any  sat  of  noonagatlra  larals  of  tha  actlvltlas  eorraspoods 
what  wa  shall  call  a  (technologically}  feasible  sat  of  net  output  flows 
of  all  coKoditlas.  4%  shall  call  tha  sat  of  activity  levals,  and  also 
tha  corresponding  sat  of  net  eaaaodlty  flows,  (acononloallj)  aeoasslbla 
if  (a)  tha  net  flows  of  all  flna''  eoKiodltlas  are  nonnegatlve  (leoause 
wa  cannot  draw  directly  on  nature  to  fill  a  deficit).  If  (b)  tha  net 
flows  of  all  primary  goods  ara  nonpoaltlva  {^^ausa  we  have  no  use  for 
tha  surplus)  and  stay  within  tha  availability  limitations,  and  If  (c) 
tha  net  flows  of  all  intermediate  goods  are  t9ro,  (because  both 
eonalderatlons  adduced  in  parentheses  above  apply) . 

ya  now  cofsa  to  the  concept  of  productive  afficianey  upon  which 
all  subsequent  analysis  builds  forth,  in  aeoasslbla  sat  of  cemaodity 


9.  To  obtain  a  clear  separation  between  primary  and  final  goods,  we 
shall  regard  direct  consumption  of  goods  available  la  nature,  such  as 
drinking  water  from  a  brook,  as  an  activity  eonvartlng  tha  natural 
resource  * water*  (input  coefficient  -1)  Into  tha  eensumption  good 
"drinking  water*  (output  eoafflelant  el).  Similarly,  leisure  is  tha  output 
of  a  recreation  aotivity  of  which  tha  input  is  that  part  of  labor  which 
la  not  used  as  input  in  othar  aetlvitlaa. 

1C.  It  might  be  thought  that  waste  products  ara  intarawdiate  goods  with 
positive  net  output.  However,  if  thalr  disposal  is  eoetless,  wa  ean 
maintain  tha  zero  net  output  oondltian  by  Introducing  a  dlapoaal  activity 
with  input  eoafflelant  -1,  and  all  othar  eoaf fieiants ,  zrro.  If  dlapoaal 
ties  up  raaoureas,  additional  Input  eoaffleianta  ara  called  for,  and  tho 
zero  net  output  requlraaant  is  ossentlal. 
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flows,  as  wall  as  anjr  t'  activity  lavals  giving  rise  to  It,  la 

called  efficient  if  there  is  notother  feasible  set  of  cooModity  flows  in 

which  all  flows  are  at  least  as  largs  as  the  corresponding  flows  in  the 

original  set,  while  at  least  one  is  actually  larger.  Instead  of  speaking 

of  an  efficient  set  of  cconodlty  flows,  we  can  also  use  the  syncnyaous 
expressioni  an  efficient  point  in  the  coasodity  space.  In  general,  the 
notion  of  the  set  of  all  efficient  points  corresponds  to  the  notion  of  a 
general  transforBation  function,  discussed  by  Lange^^  and  others.  However, 
for  certain  aodels,  depending  on  the  nuaber  of  activities  and  the  values 
of  their  technological  coefficients,  the  efficient  point  set  will  not 
possess  a  sufficient  nuaber  of  diaensions  to  oaks  the  notion  of  a  trans- 
foraation  function  applicable,*  The  efficient  point  set  therefore 
constitutes  the  aore  general  concept  of  the  two. 

Me  shall  now  c^v«  a  nuaber  of  conclusions  that  can  be  derived  by 
aatheaatical  analysis**  froa  the  aodel  that  has  been  fomulated,  while 

t 

12 

referrinc  to  another  publication  for  proofs  and  nore  detailed  exple- 
nations.  The  first  conclusion  is,  that  where  the  efficient  point  set 


11.  Oscar  Lange,  *The  Foundations  of  Melfare  hconoiaics,"  Econoas tries. 
Vol.  1C,  Juijr-Oetbber,  1942,  pp.  215-228. 

*  This  aay  cons  about  because  the  nuaber  of  activities  is  too  saall  in 
relation  to  the  nuaber  of  final  goods,  or  becauss  a  saall  nuaber  of 
activities  Jointly  hold  a  position  of  technical  superiority  over  all  other 
activities  for  all  coneelvable  coDpositiODS  of  deoand. 

**  The  typs  of  aatheaatical  analysis  involved  is  rather  different  freo 
that  found  in  aost  aathematioal  disexissions  of  production  theory,  largely 
becaxxse  of  the  role  played  by  linear  inequalities  such  as  arise  freo  the 
nonnegative  character  of  activity  levels  and  freo  the  availability  Halts 
on  prixoary  goods.  The  theory  of  convex  sets,  particularly  convex  poly¬ 
hedral  cones,  is  drawn  upon.  There  are  aany  points  of  contact  with  a 
aodel  constructed  by  von  Neunann,  see  Model  of  General  Econcoic  Equi- 
libriua,*  Review  of  Econoaic  Stiidies.  Vol.  ZIII  (1)  1945-46.  An  iJD^Mrtant 
difference  is  that  in  von  Heunann^s  aodel  the  efHcienoy  of  allocation 
cones  out  at  the  end  as  a  by-product  of  an  analysis  concerned  aainly  with 
an  existence  theorem,  while  in  the  present  analysis  efficiency  of 
allocation  is  aade  the  central  theae  of  analysis. 
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is  indaad  rcprvtantAbla  bj  a  ganaral  transfonution  funotlon,  thara  ara 
eonatant  or  daeraaslng  ratums  in  tha  output  of  007  ona  final  good,  in 
ralatlon  to  ineraaaaa  in  tha  injut  lijait  (aTailabilit^  liait)  on  anj  ona 
primary  factor. 

Furthar  propoaitlooa  introduoa  a  prica  eonmapt  which  ia  antiralj 
independent  of  tha  notion  of  a  market.  The  only  alamanta  underlying 
thia  price  concept  ara  tha  taohnologloal  data  (input-output  coaffioianta 
of  all  activitiaa)  and  tha  raquiramant  of  affioianoy. 

Tha  efficient  act  of 

commodity  flowa  there  axlata  an  aaaociatad  aat  of  nricaa  for  all  00^ 
aodltiaa,  with  tha  propartiaa  liatad  below.  To  formulate  thaaa  propartiaa 
wa  define  tha  eoneapt  of  tha  profitability  of  an  actialty  aa  tha  aggragmta 
value,  at  the  prioaa  in  quaation,  of  tha  outputa  aaaociatad  with  tha  xinlt 
level  of  that  activity,  minua  tha  aggregate  value  of  thf  oorraapoodlng 
inputa.  Tha  propartiaa  of  tha  aat  of  prioaa,  aaaociatad  with  tha  efficient 
point,  ara  tha  foUawlngt 

(1)  No  activity  haa  a  poaltlva  profitability* 

(2)  Any  activity  carried  out  at  a  poaitiva  level  to  attain  tha 
efficient  aat  of  comiodlty  flowa  haa  a  aero  profitability. 

(3)  Tha  prioaa  on  all  final  and  primary  gooda  ara  nonnagativa. 

(4)  Tha  prioaa  on  all  primary  gooda  whoae  net  input  doaa  not  reach 
tha  availability  limit  ara  zero.* 

It  will  be  noted  that  no  atatamant  la  aada  on  tha  aigna  of  tha  prioaa 
of  intermediate  gooda.  Indeed,  negative  prioaa  will  arlaa  fpr  waata 

12.  T.  C.  Koopmana,  ■Analyaia  of  Production  aa  an  Iffloiant  Combination 
of  Aotivitiae,”  to  be  included  in  a  forthcoming  Cowlaa  Commiaaion  Nonograph. 

*  Iheaa  gooda  ara  tharafore  properly  called  free  gooda  with  refarenoe 
to  the  officiant  point  in  quaation. 
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products,  the  dispoael  of  which  \ises  up  poeltlvely  prloed  goods. 

The  second  price  proposition  states  that  the  converse  is  also  true. 

An  aocessihle  point  with  which  a  set  of  prices  with  the  listed  properties 
oan  be  associated  is  an  efficient  point. 

It  should  be  aentioned  that  the  set  of  prices  assooiated  with  a 
given  efficient  set  of  coontodit/  flows  is  not  neoessarily  unique.  In  the 
case  where  a  general  transformation  function  exists,  the  set  of  prices 
will  be  unique  aLsost  everywhere  on  the  hypersurfaoe  represented  by  that 
funetim.  If  the  set  of  prices  is  unique,  ratios  of  the  prices  of  final 
and/or  primary  goods  can  be  interpreted  as  marginal  rates  of  substitution 
betwe«in  goods.  The  substitution  in  question  arises  from  such  variations 
in  the  activity  levels  as  to  leave  all  eownodity  flowv  constant  except 
those  of  the  two  goods  between  which  substitution  is  considered  -  while 
maintaining  efficiency  in  the  activity  ooBd>ination  before  and  after 
variation.  These  rates  of  substitution  are  applicable  to  f^g^i^ 
distinct  from  l£|£i^^esi^^  variations  in  the  eceaiiodity  flows  involved, 
but  often  only  with  finite  limits  of  variation.  This  comes  about 
because  the  hjrperaujrface  representing  the  transformation  function  consists 
of  sections  of  hyperplanes  Joined  at  their  intersections.  At  those  inter¬ 
sections  merginel  rates  of  substitution  are  generally  different  for 
increases  and  for  decreases  in  the  net  output  of  any  one  of  the  two 
o<nBodlties  in  question.  In  this  ease  more  than  ons  set  of  associated 
px*iees  (to  be  precises  an  infinity  of  set  of  prices)  satisfies  the  require¬ 
ments  stated. 

It  may  be  restated  that  the  price  concept  established  does  not  in  any 
way  presuppose  the  existence  of  a  market  or  of  exchanges  of  coomodities 
between  different  owners.  The  price  ooooept  is  found  to  be  a  mathematical 
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consequanee  of  an  afficlant  eholea  of  aetlvltor  levala.  In  tha  loportant 
eaaa  in  which  tha  aetlvltlas  anga^ad  in  ara  aufficlant  in  mmbar  and 
▼arlatj  to  laad  to  a  \miquo  solution  of  tha  oonditim  (2)  that  thair 
profitabilitias  ba  saro^  tha  prieas  have  alraadjr  baan  intarpratad  as 
taehnologieal  ratas  of  subatltution  undar  affloiant  allocation.  An 
additional  intarpratatiODf  not  thus  lioitad  in  its  applioabllitjr,  is 
darivad  frcai  tha  following  third  nrioa  proposition. 

Lat  us  coosidar  a  given  afficiant  sat  of  eosModlt/  flows,  and  lat  us 
add  to  tha  taohnolog7  a  nuabar  of  axchanga  aetivitias,  defined  b/  asans 
of  an  arbitraril7  salactad  sat  of  prices,  as  follows i  Us  shall  iaaglna 
that,  through  contacts  with  another  aeonovT’,  an/  ooHsodltj  can  ba 
exchanged  against  any  other  conaodity  at  a  price  ratio  ooiqiutad  frea  tha 
salactad  sat  of  prices.  Than  ovir  proposition  specifies  tha  conditions 
undar  which,  after  the  opportunity  to  angnga  in  these  exchange  aetiv- 
itiaf.  has  bean  provided,  tha  original  sat  of  cossioJity  flows  will  still 
ba  afficiant.  This  original  sat  of  flows  remains  efficient  if  and  <»ily 
if  tha  prices  salactad  to  define  tha  exchange  activities  ara  at  tha 
sans  tine  a  sat  of  pirieaa  associated  with  tha  original  sat  of  f^ows, 

(in  tha  sense  of  tha  first  price  proposition).  In  that  case,  and  only 
in  that  case,  there  is  no  way  to  increase  the  net  "output"  of  any  final 
good,  without  daoreasa  in  the  net  "output"  of  sosm  other  final  good, 
by  using  tha  new  possibility  af  exchange,  possibly  in  oosibination  with 
variations  in  tha  levels  of  tha  other  (productive)  activities.  Because 
of  this  proposition  a  set  of  prices  associated  with  an  efficient  point 
can  also  ba  called  a  corresponding  set  of  efficiency  prices. 

With  tha  help  of  these  fonal  propositiens,  wa  shall  now  consider, 
although  still  in  a  rather  abstract  fashion,  seas  institutional 
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arrangraants  undar  which  afflelant  alloeatlon  aajr  ba  attained.  Tha 
px'opoaltlans  stated,  and  In  paz^leiilar  tha  profltabllltj  properties 
(1)  and  (2)  of  the  afflolanojr  prices,  stronglj  sug{^st  aachanlsiiis  for 
attaining  afflelane/  b7  dacan  trail  cation  of  decisions  oonoamlng  activity 
levels,  seohanlsBS  which  are  alsllar  to  those  referred  to  above.  Let 
us  assuM,  In  tha  first  allocation  nodal,  that  a  set  of  nooaagatlve  prices 
on  final  ecModltlas  Is  prescribed,  either  administratively  by  sane  central 
authority,  or  as  market  prices  reflecting  a  balance  of  preferences  of 
coBSumors  weighted  by  the  Income  distribution.  These  nay  be  called 
8tse£^gg_B[^0£8  In  that  through  their  variation  It  Is  possible  to  steer 
the  alloeatlon  of  resources  to  the  production  of  alternative  efficient 
seta  of  coonodlty  flows.  Let  the  level  of  each  activity  and  the  prices  of 
primary  and  Intermediate  goods  be  determined  by  a  bidding  process  governed 
by  the  following  rulest  Wo  activity  yielding  a  negative  profit  Is  to  be 
engaged  in.  Any  activity  yielding  a  zero  profit  Is  to  be  maintained  at  a 
constant  level.  Any  activity  yielding  a  positive  profit  Is  to  be  expanded. 

If  necessary  by  bidding  up  prices  of  Its  input  eoaeodltles.  Behavior 
according  to  these  rules  could  either  be  Induced  by  administrative 
authority  binding  the  action  of  managers  of  Individual  activities,  or  it 
could  resxilt  from  a  competitive  market  structure  where  each  activity  Is 
engaged  In  by  maz^y  Independent  entrepreneurs.*  The  second  price  proper 
sltlcn  now  Impllas  that  efficiency,  once  attained  In  such  an  administrative 
or  market  struetxire.  Is  msdntedned  (provided  there  Is  no  change  In 
technology  or  In  the  steering  prices) . 

*  Ue  are,  of  course,  concerned  with  the  logical  content  of  the  rules  only, 
not  with  the  question  whether  and  how  compliance  by  managers  or  entrepreneurs 
can  be  sec\iz*ed. 
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These  rules  ere  not  jet  equivalent  to  thoee  stated  bj  Lange,  Lemer 
and  others.  The  latter  rules  applj  to  pl&nt  aanagers  who  control  nore 
than  one  aetivltj  In  our  sense  of  th#  tera,  and  thus  coablne  In  oOe 
decision  unit  several,  possibly  aanj,  of  our  fictitious  activity  aanagers. 
J'owever,  the  Lange-Lemer  Dodal  Is  closely  approached  In  the  following 
second  allocatloD  aodelt  Define  as  a  process  a  set  of  activities  eoiv* 
trolled  by  one  aanager.  Define  as  a  c<MBX>eltlon  of  a  process  the  set  of 
activity  levels  selected  by  Its  nanager.  Now,  the  attalnaent  of  efficiency 
In  the  econceqr  as  a  whole  has  as  prerequisites  (A)  the  attalnnent  of 
efficiency  by  each  process  manager  within  the  set  of  activities  controlled 

hy  hig  and  In  particular,  (B)  the  selection  of  such  an  efficient  activity 

✓ 

cooposltlon  by  each  process  manager  that  an  associated  set  of  efficiency 
prices  exists  which  la  the  same  for  all  managers.  Efficiency  for  the 
econoiqy  as  a  whole,  once  attained,  will  be  nalntaiued  If  each  manager 
behaves  according  to  the  following  ruleai  Choose  only  from  those  sets 
of  activity  levels  that  correspond  to  an  efficient  point  within  your  process. 
If  for  all  such  points  the  profit  on  the  entire  proceas  Is  zero,  dlseontlr^«« 
all  activity.  If  you  are  In  a  point  of  notmegatlve  profit  on  the  process, 
attempt  to  raise*  your  proflt^aU-the-glven-prlcee  by  varying  the 
cooposltlon  of  the  process.  If  you  are  In  a  point  of  sero  profit,  and 
there  Is  no  Increase  in  profit  possible  by  variation  of  activity  levels, 
continue  all  activities  at  the  same  level.  If  your  atte^>t  to  raise 
proflb-at-glven-prlces  leads  to  a  rise  in  prices  of  certain  Input  com¬ 
modities,  determine  you  further  action  In  the  light  of  the  new  price 
situation. 

The  reader  will  have  realized  that  behavior  according  to  these  rules 

*  If  the  profitability  Is  Initially  positive,  this  can  always  be  done 
by  proportional  increases  in  the  levels  of  all  activities  In  the  process. 
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pre8\'.ppos«8  a  knowladge,  on  the  part  of  eaoh  process  manager,  of  the 
efficient  point  eat  that  can  be  constructed  on  the  basis  of  those  activities 
involved  in  the  process  that  he  controls.  Also,  behavior  aoeording  to 
these  rules  is  equivalent,  in  its  outeoae,  to  profit  maximization  under 
perfect  coapetltlon. 

Comparing  tlie  results  of  the  above  analysis  tr/ith  the  earlier 
discussions  referred  to  above,  it  appears  that  in  one  sense  we  have 
made  more  limited  assiunptions .  We  t^isve  ruled  out  botli  indivisibilities 
and  increasing  or  decreasing  leturns  to  scale.  As  a  res'jlt  of  that 
limitation  we  have  obtained  a  stronger  proposition.  The  rules  on  the 
allocation  mec^ianism  stated  have  been  found  to  l>e  not  only  necessary, 
but  also  sufficient  for  an  efficient  use  of  reso'jrces. 

On  the  other  hand,  because  of  our  simple  assumptions  we  have  not  yet 
reached  the  problems  arising  from  discrepancies  between  average  and 
marginal  cost,  problems  which  have  received  considerable  empiiaals  in 


earlier  discussions 


